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Abstract. In this paper we continue the study of the Lp mapping prop-
erties of singular integrals along surfaces of revolution which was initiated in
[KWWZ] and obtain improvements over existing results by allowing kernels to
be in certain block spaces.
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§1. Introduction
Let Rn, n ≥ 2 be the n−dimensional Euclidean space and Sn−1 be the unit
sphere in Rn equipped with the normalized Lebesgue measure dσ = dσ(·).
Let h(·) be a locally integrable function on R+ and let Ω be a homogeneous
function of degree 0 on Rn satisfying∫
Sn−1
Ω (u) dσ (u) = 0.(1.1)
For a suitable surface Γ : Γ : Rn → Rd with d ≥ n + 1, let TΓ,h be the
singular integral operator along the surface Γ and let MΓ,h be the related
maximal operator deﬁned for f ∈ S (Rd) by
TΓ,hf(x) = p.v.
∫
Rn
f (x− Γ (y))K (y) dy(1.2)
∗Supported in part by a grant from the National Science Foundation of USA.
55
56 H. AL-QASSEM AND Y. PAN
and
MΓ,hf(x) = sup
r>0
1
rn
∫
|y|≤r
|f(x− Γ(y)| |Ω(y)| |h(|y|)| dy(1.3)
where
K(y) =
Ω(y)
|y|n h(|y|).(1.4)
For γ > 1, let ∆γ (R+) denote the set of measurable functions h on R+
such that
sup
R>0
1
R
R∫
0
|h (t)|γ dt < ∞.
The Lp mapping properties of singular integral operators along curves
and surfaces has been extensively studied by a number of authors (see [St2],
[CNSW], among others). For example, it is known that if Γ satisﬁes a “ﬁnite
type” condition at 0 then T
Γ,1
and MΓ,1 are bounded on Lp for 1 < p < ∞
(see [St1] and [FGP2]).
In [KWWZ], Kim, Wainger, Wright and Ziesler studied singular integrals
and maximal functions along surfaces of revolution without imposing the “ﬁ-
nite type” condition on Γ. More precisely, they proved the following two
Lp boundedness results of the operators Tφ,h = TΓ,h and Mφ,h = MΓ,h for
Γ(x) = (x, φ(|x|)) and a suitable function φ. Here, for f ∈ S (Rn+1) and
(x, xn+1) ∈ Rn ×R1, the singular integral Tφ,h is deﬁned by
Tφ,hf(x, xn+1) = p.v.
∫
Rn
f (x− y, xn+1 − φ (|y|))K (y) dy(1.5)
and the related maximal function Mφ,h is deﬁned as
Mφ,hf(x, xn+1) = sup
r>0
1
rn
∫
|y|≤r
|f (x− y, xn+1 − φ (|y|))| |Ω(y)| |h(|y|)| dy.
(1.6)
The gist of their ﬁrst result is that as far as the L2 boundedness is con-
cerned, the results for the operators Tφ,1 and Mφ,1 are quite diﬀerent. In fact,
they proved the following:
Theorem 1. Let K, Tφ,h and Mφ,h be given as in (1.1), (1.4)-(1.6). Assume
that Ω ∈ C∞(Sn−1), h ≡ 1 and φ(·) is in C1 of [0,∞). Then there exists a
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positive constant C such that
‖Tφ,1 (f)‖L2(Rn+1) ≤ C ‖f‖L2(Rn+1) for every f ∈ L2(Rn+1),
whereas the analogous statement for Mφ,1 is false.
For other values of p, the authors imposed a convexity condition on φ and
they proved the following:
Theorem 2. Let K, Tφ,h and Mφ,h be given as in (1.1), (1.4)-(1.6). Assume
that Ω ∈ C∞(Sn−1), h ≡ 1 and φ(·) is in C2 of [0,∞), that φ is convex, and
increasing. Then there exists a positive constant Cp such that
‖Tφ,1 (f)‖Lp(Rn+1) ≤ Cp ‖f‖Lp(Rn+1) for 1 < p < ∞
and
‖Mφ,1 (f)‖Lp(Rn+1) ≤ Cp ‖f‖Lp(Rn+1) for 1 < p ≤ ∞.
Even though the authors of [KWWZ] imposed the condition Ω ∈ C∞(Sn−1)
in Theorems 1 and 2, by a minor modiﬁcation of their proofs, one can show
that the Lp boundedness of the operators TΓ,1 and MΓ,1 continues to hold
under the condition Ω ∈ Lq(Sn−1) for some q > 1. A question that arises
naturally is whether the operators T
Γ,1
and MΓ,1 are bounded under a weaker
condition on Ω?
Our main purpose in this paper is to give a positive answer to the above
question by considering Ω in the block space B0,0q (Sn−1) (the deﬁnition of
these spaces will be recalled in Section 2). It should be noted that B0,0q
(
Sn−1
)
contains Lq
(
Sn−1
)
as a proper subspace for each q > 1 and
⋃
q>1
Lq(Sn−1) 
⋃
q>1
B0,0q (S
n−1).
We shall now give precise statements of our results, beginning with an L2
theorem:
Theorem 3. Let K and Tφ,h be given as in (1.1), (1.4)-(1.5). Assume that
Ω ∈ B0,0q (Sn−1), h ∈ ∆γ (R+) for some γ > 1 and φ ∈ C1([0,∞)). Then there
exists a positive constant Cp
‖Tφ,h (f)‖L2(Rn+1) ≤ Cp ‖f‖L2(Rn+1) for every f ∈ L2
(
Rn+1
)
.(1.7)
The following is our main result regarding the operators Tφ,h and Mφ,h.
Theorem 4. Let K, Tφ,h and Mφ,h be given as in (1.1), (1.4)-(1.6) and let
γ′ be the conjugate index to γ. Assume that Ω ∈ B0,0q (Sn−1), h ∈ ∆γ (R+) for
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some γ > 1 and φ is in C2([0,∞)), convex, and increasing. Then
(i) for every p satisfying
∣∣∣1p − 12 ∣∣∣ < min{12 , 1γ′} , there exists a positive
constant Cp such that
‖Tφ,h (f)‖Lp(Rn+1) ≤ Cp ‖f‖Lp(Rn+1)(1.8)
for every f ∈ Lp (Rn+1) .
(ii) for all γ′ < p ≤ ∞, there exists a positive constant Cp such that
‖Mφ,h (f)‖Lp(Rn+1) ≤ Cp ‖f‖Lp(Rn+1)(1.9)
for all f ∈ Lp (Rn+1) .
We point out that the appearance of the function h in the kernel was ﬁrst
allowed by R. Feﬀerman in [Fe] (γ = ∞), and then in [DR] (γ ≥ 2) in their
study of the singular integral operator TΓ,h for d = n + 1 and Γ(y) = (y, 0).
We are also interested in studying the Lp boundedness of the maximal
truncated singular integral operators T ∗
φ,h
. The operators T ∗
φ,h
deﬁned by
T ∗φ,hf(x, xn+1) = sup
ε>0
∣∣∣∣∣∣∣
∫
|y|>ε
f (x− y, xn+1 − φ (|y|))K (y) dy
∣∣∣∣∣∣∣ .(1.10)
Our result regarding T ∗
φ,h
is the following:
Theorem 5. Let K and T ∗
φ,h
be given as in (1.1), (1.4)-(1.6) and (1.10).
Assume that Ω ∈ B0,0q (Sn−1). Then there exists a positive constant Cp such
that
(i) if h ∈ ∆γ (R+) for some γ > 1 and φ ∈ C1([0,∞)),∥∥T ∗φ,h (f)∥∥L2(Rn+1) ≤ Cp ‖f‖L2(Rn+1) for every f ∈ L2 (Rn+1) ,(1.11)
and
(ii) if h ∈ L∞(R+) and φ ∈ C2([0,∞)), convex, and increasing,∥∥T ∗φ,h (f)∥∥Lp(Rn+1) ≤ Cp ‖f‖Lp(Rn+1)(1.12)
for all 1 < p < ∞ and f ∈ Lp (Rn+1) .
We remark that as in the classical theory of singular integrals, our result
in Theorem 5 implies that the truncated integrals∫
ε≤|u|≤N
f (x− u, xn+1 − φ (|u|))K (u) du(1.13)
converge almost everywhere as ε → 0+ and N → ∞ for every f ∈ Lp(Rn+1)
with 1 < p < ∞.
We would like to thank the referee for some helpful comments.
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§2. Certain block spaces on Sn−1
The notion of block spaces was introduced in [TW] by M. H. Taibleson and
G. Weiss in their studies of a.e. convergence of the Fourier series. For more
information about the applications of block spaces in harmonic analysis one
may consult the book [LTW]. Let us now begin by recalling the deﬁnition of
a block function on Sn−1.
Definition 6. For 1 < q ≤ ∞ we say that a measurable function b (·) on
Sn−1 is a q−block if it satisfies the following:
(i) supp (b) ⊆ I and
(ii) ‖b‖Lq ≤ |I|−
1
q′ , where I is an interval on Sn−1; i.e.,
I = {x′ ∈ Sn−1 : ∣∣x′ − x′0∣∣ < α for some x′0 ∈ Sn−1} and |I| = σ(I).
The block spaces B0,0q on Sn−1 are deﬁned as follows:
Definition 7. The function space B0,0q
(
Sn−1
)
, 1 < q ≤ ∞, consists of all
functions Ω ∈ L1 (Sn−1) of the form Ω = ∞∑
µ=1
cµbµ where cµ ∈ C; each bµ is
a q−block supported in an interval Iµ; and
M0,0q
({
cµ
})
=
∞∑
µ=1
∣∣cµ∣∣
(
1 + log
1∣∣Iµ∣∣
)
< ∞.(2.1)
The special class of functions B0,0q was ﬁrst introduced by Jiang and Lu
in their study of singular integral operators of Caldero´n-Zygmund type (see
[LTW]). Every q−block b(·) described in Deﬁnition 6 has a companion function
b˜(·) given by
b˜(x) = b(x)−
∫
Sn−1
b(u)dσ(u).(2.2)
Then b˜ has the following properties:∫
Sn−1
b˜ (u) dσ (u) = 0,(2.3)
∥∥b˜∥∥
Lq(Sn−1) ≤ 2 |I|
− 1
q′(2.4)
and ∥∥b˜∥∥
L1(Sn−1) ≤ 2.(2.5)
The function b˜ is called the blocklike function corresponding to the block
function b.
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§3. Certain Fourier transform estimates related to blocklike
functions
We shall begin by introducing a class of measures associated to a given block-
like function b˜.
Definition 8. Let b˜(·) be a blocklike function defined as in (2.2) and φ(·)
be an arbitrary function on R+. Define the measures
{
σk,b˜ : k ∈ Z
}
and the
maximal operator σ∗
b˜
on Rn+1 by
∫
Rn+1
f dσk,b˜ =
∫
2k≤|u|<2k+1, u∈Rn
f (u, φ (|u|))h (|u|) b˜ (u
′)
|u|n du,(3.1)
and
σ∗
b˜
(f) = sup
k∈Z
∣∣∣∣∣∣σk,b˜∣∣∣ ∗ f ∣∣∣(3.2)
where u′ = u/ |u| ∈ Sn−1.
However, these measures are only useful in the case |I| ≥ e−2 where I is the
support of b. For the case |I| < e−2 we need to deﬁne the following measures.
Definition 9. Let b˜(·) be a q−blocklike function defined as in (2.2) and φ(·)
be an arbitrary function on R+. We define the measures {λk,b˜ : k ∈ Z} and
the maximal operators λ∗
b˜
on Rn+1 by
∫
Rn+1
f dλk,b˜ =
∫
ωk≤|u|<ωk+1,u∈Rn
f (u, φ(|u|)) b˜ (u
′)
|u|n h (|u|) du(3.3)
and
λ∗
b˜
f (x) = sup
k∈Z
∣∣∣∣∣∣λk,b˜∣∣∣ ∗ f(x)∣∣∣(3.4)
where ω = 2log(
1
|I| ) and |I| < e−2.
Now let us establish the following result which will provide us with the
necessary Fourier transform estimates related to b˜. One of the key points in
these Fourier transform estimates is that the radial nature of the hypersurface
Γ(x) = (x, φ(|x|)) allows one to obtain these estimates without any condition
on φ.
Proposition 10. Let h ∈ ∆γ (R+) for some γ, 1 < γ ≤ 2 and let b˜ be a
q−blocklike function defined as in (2.2). If |I| < e−2, then there exist con-
stants C and 0 < β < 1q′ such that∣∣∣λˆk,b˜(ξ, τ)∣∣∣ ≤ C log
(
1
|I|
) ∣∣∣ωk ξ∣∣∣± βγ′ log|I|(3.5)
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holds for all k ∈ Z where ξ ∈ Rn, τ ∈ R and t±α = inf{tα , t−α}. The
constant C is independent of k, b˜, ξ, τ and φ (·).
Proof. By Ho¨lder’s inequality we have
∣∣∣λˆk,b˜(ξ, τ)∣∣∣ ≤


ωk+1∫
ωk
|h(t)|γ dt
t


1
γ 

ω∫
1
|Sk (t)|
γ′ dt
t


1
γ′
where
Sk (t) =
∫
Sn−1
ei(ω
ktξ·x+τφ(ωkt))b˜(x)dσ (x) .
Since |Sk (t)| ≤ 2 we get immediately
∣∣∣λˆk,b˜(ξ, τ)∣∣∣ ≤ C


[log 1|I| ]+1∑
s=1
ωk2s∫
ωk2s−1
|h(t)|γ dt
t


1
γ 

ω∫
1
|Sk (t)|
2 dt
t


1
γ′
.
However, by integration by parts∣∣∣∣∣∣
ω∫
1
eiω
ktξ·(x−y) dt
t
∣∣∣∣∣∣ ≤ C min
{
log
(
1
|I|
)
,
∣∣∣ωkξ · (x− y)∣∣∣−1}
≤ C log
(
1
|I|
) ∣∣∣ωkξ∣∣∣−β ∣∣ξ′ · (x− y)∣∣−β
and
|Sk (t)|
2
=
∫
Sn−1
∫
Sn−1
b˜(x) b˜(y)eiω
kt(x−y)·ξ dσ (x) dσ (y)
where ξ′ = ξ|ξ| , and β > 0 with 0 < βq
′ < 1. Therefore, by Ho¨lder’s inequality
∣∣∣λˆk,b˜(ξ, τ)∣∣∣ ≤
C log
(
1
|I|
) ∣∣∣ωkξ∣∣∣− βγ′
∣∣∣∣∣∣
∫
Sn−1
∫
Sn−1
∣∣∣b˜(x)b˜(y)∣∣∣ ∣∣ξ′ · (x− y)∣∣−β dσ (x) dσ (y)
∣∣∣∣∣∣
1
γ′
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≤ C log
(
1
|I|
) ∣∣∣ωkξ∣∣∣− βγ′ ∥∥∥b˜∥∥∥ 2γ′
Lq(Sn−1)


∫
Sn−1
∫
Sn−1
|x1 − y1|−βq
′
dσ (x) dσ (y)


1
γq′
.
where x = (x1,··· ,xn) and y = (y1,··· ,yn). Since the last integral is ﬁnite, by
(2.4) we obtain
∣∣∣λˆk,b˜(ξ, τ)∣∣∣ ≤ C log
(
1
|I|
)
|I|− 2q′γ′
∣∣∣ωkξ∣∣∣− βγ′ .
By interpolation between this estimate and the trivial estimate∣∣∣λˆk,b˜(ξ, τ)∣∣∣ ≤ C log
(
1
|I|
)
we get the estimate in (3.5) with a plus sign in the exponent. To get the
second estimate, we use the mean zero property (2.3) of b˜ to get
∣∣∣λˆk,b˜(ξ, τ)∣∣∣ ≤
∫
Sn−1
ω∫
1
∣∣∣e−i{ωktξ·x+τφ(ωkt)} − e−iτφ(ωkt)∣∣∣ ∣∣∣h(ωkt∣∣∣) ∣∣∣b˜(x)∣∣∣ dt
t
dσ(x).
Hence,
∣∣∣λˆk,b˜(ξ, τ)∣∣∣ ≤ Cω ∣∣ωkξ∣∣ which, when combined with the trivial estimate∣∣∣λˆk,b˜(ξ, τ)∣∣∣ ≤ C log ( 1|I|) , yields the second estimate in (3.5). This completes
the proof of our proposition.
By arguments similar to the proof of Proposition 10 we get the following
result which is needed for the case |I| ≥ e−2.
Proposition 11. Let h ∈ ∆γ (R+) for some γ, 1 < γ ≤ 2 and let b˜ be a
q−blocklike function defined as in (2.2). Let φ(·) be an arbitrary function on
R+. If |I| ≥ e−2, then there exists a constant C and 0 < β < 1q′ such that∣∣∣σˆk,b˜(ξ, τ)∣∣∣ ≤ C ∣∣∣2k ξ∣∣∣±
β
γ′(3.6)
holds for all k ∈ Z. The constant C is independent of k, b˜, ξ, τ and φ (·).
§4. Maximal functions and singular integrals
We shall need the following result from [AqP] which is an extension of a result
of Duoandikoetxea and Rubio de Francia in [DR] (see also [FP]).
Lemma 12. Let {σk : k ∈ Z} be a sequence of Borel measures on Rn and
L : Rn → Rd be a linear transformation. Suppose that for all k ∈ Z, ξ∈ Rn,
for some η ∈ [2, ∞), α, C > 0 and for some B > 1 we have
SINGULAR INTEGRALS ALONG SURFACES OF REVOLUTION 63
(i) |σˆk(ξ)| ≤ CB(ηkB |L(ξ)| )±
α
B ;
(ii) For some p0 ∈ (2,∞)∥∥∥∥∥(
∑
k∈Z
|σk ∗ gk|2)
1
2
∥∥∥∥∥
p0
≤ CB
∥∥∥∥∥(
∑
k∈Z
|gk|2)
1
2
∥∥∥∥∥
p0
(4.1)
for arbitrary functions {gk} on Rn. Then for p′0 < p < p0 there exists a
positive constant Cp such that∥∥∥∥∥
∑
k∈Z
σk ∗ f
∥∥∥∥∥
Lp(Rn)
≤ CpB ‖f‖Lp(Rn)(4.2)
and ∥∥∥∥∥(
∑
k∈Z
|σk ∗ f |2)
1
2
∥∥∥∥∥
Lp(Rn)
≤ CpB ‖f‖Lp(Rn)(4.3)
hold for all f in Lp(Rn). The constant Cp is independent of B and the linear
transformation L.
By tracking the constants in the proof of the lemma given in ([DR], page
544) we have the following:
Lemma 13. Let λk be a sequence of Borel measures in Rn and let λ∗ (f) =
sup
k∈Z
||λk| ∗ f | . Assume that
‖λ∗ (f)‖q ≤ B ‖f‖q for some q > 1 and B > 0.(4.4)
Then, for arbitrary functions {gk} on Rn and
∣∣∣ 1p0 − 12
∣∣∣ = 12q , the following
inequality holds∥∥∥∥∥(
∑
k∈Z
|λk ∗ gk|2)
1
2
∥∥∥∥∥
p0
≤ (B sup
k∈Z
‖λk‖)
1
2
∥∥∥∥∥(
∑
k∈Z
|gk|2)
1
2
∥∥∥∥∥
p0
.(4.5)
Our aim now is to establish the following result.
Proposition 14. Let h ∈ ∆γ (R+) for some γ > 1 and let b˜ be defined
as in (2.2). Assume φ is in C2([0,∞)), convex, and increasing. Then for
γ′ < p ≤ ∞ and f ∈ Lp (Rn+1) there exists a positive constant Cp which is
independent of b˜ such that
∥∥∥λ∗
b˜
(f)
∥∥∥
Lp(Rn+1)
≤ Cp log
(
1
|I|
)
‖f‖Lp(Rn+1) if |I| < e−2(4.6)
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and ∥∥∥σ∗
b˜
(f)
∥∥∥
Lp(Rn+1)
≤ Cp ‖f‖Lp(Rn+1) if |I| ≥ e−2.(4.7)
Proof. Assume ﬁrst that |I| < e−2. Without loss of generality we may
assume that b˜ ≥ 0 and h ≥ 0. By Ho¨lder’s inequality we have
λ∗
b˜
(f) ≤


ωk+1∫
ωk
|h(t)|γ dt
t


1
γ (
Υ∗
b˜
(|f |γ′)
) 1
γ′ ≤ C(log
(
1
|I|
)
)
1
γ
(
Υ∗
b˜
(|f |γ′)
) 1
γ′
where ∫
Rn+1
fdΥk,b˜ =
∫
ωk≤|u|<ωk+1
f (u, φ(|u|)) b˜ (u
′)
|u|n du
and
Υ∗
b˜
(f) = sup
k∈Z
∣∣∣∣∣∣Υk,b˜∣∣∣ ∗ f ∣∣∣ .
Therefore, in order to prove (4.6) it suﬃces to prove that∥∥∥Υ∗
b˜
(f)
∥∥∥
Lp(Rn+1)
≤ Cp log
(
1
|I|
)
‖f‖Lp(Rn+1)
for 1 < p ≤ ∞. By following the same arguments as in the proof of Proposition
10 we obtain for some α, 0 < α < 1,∣∣∣Υˆk,b˜ (ξ, η)∣∣∣ ≤ C log
(
1
|I|
) ∣∣∣2k(log 1|I| )ξ∣∣∣ αγ′ log|I|(4.8)
and ∣∣∣Υˆk,b˜ (ξ, η)− Υˆk,b˜ (0, η)∣∣∣ ≤ C log
(
1
|I|
) ∣∣∣2k(log 1|I| )ξ∣∣∣− αγ′ log|I| .(4.9)
We now choose a ψ ∈ S (Rn) such that ψˆ (ξ) = 1 for |ζ| ≤ 1 and ψˆ (ξ) = 0
for |ξ| ≥ 2. Let (ψk )ˆ(ξ) = ψˆ
(
2k(log
1
|I| )ξ
)
, k ∈ Z, and deﬁne the sequence of
measures {τk} by
τˆk (ξ, η) = Υˆk,b˜ (ξ, η) − (ψk )ˆ (ξ) Υˆk,b˜ (0, η) .(4.10)
By (4.8)-(4.9) we obtain
|τˆk (ξ, η)| ≤ C log
(
1
|I|
) ∣∣∣2k(log 1|I| )ξ∣∣∣
± α
γ′ log|I|
.(4.11)
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Let B (f) denote the square function and τ∗ (f) be the maximal function de-
ﬁned as follows: B (f) (x, xn+1) = (
∑
k∈Z
|τk ∗ f(x, xn+1)|2)
1
2 and τ∗ (f) (x, xn+1) =
sup
k∈Z
||τk| ∗ f(x, xn+1)| . Also, let Hφ(f) denote the maximal function deﬁned by
H
φ
f(y, yn+1) = sup
k∈Z
∣∣∣∣∣∣∣
ωk+1∫
ωk
f(y, yn+1 − φ(t))dt
t
∣∣∣∣∣∣∣ .
By (4.10) we have
Υ∗
b˜
f(x, xn+1) ≤ B (f) (x, xn+1) + C((MRn ⊗ idR1) ◦Hφ)(f(x, xn+1))
(4.12)
and
τ∗f(x, xn+1) ≤ B (f) (x, xn+1) + 2C((MRn ⊗ idR1) ◦Hφ)(f(x, xn+1))
(4.13)
where MRs is the classical Hardy-Littlewood maximal function on Rs.
We need now to show the boundedness in Lp(Rn+1) for all p > 1 of the
maximal operator H
φ
. For f ≥ 0 and (y, yn+1) ∈ Rn ×R1, we have
H
φ
f(y, yn+1) = sup
k∈Z


φ(ωk+1)∫
φ(ωk)
f(y, yn+1 − t) dt
φ−1(t)φ′(φ−1(t))

 .
Without loss of generality, we may assume that φ(t) > φ(0) for all t > 0. Since
the function 1
φ−1(t)φ′(φ−1(t)) is non-negative, decreasing and its integral over
[φ(ωk), φ(ωk+1)] is equal to log
(
1
|I|
)
we have
H
φ
f(y, yn+1) ≤ C log
(
1
|I|
)
MR1f(y, ·)(yn+1).(4.14)
By (4.11) and Plancherel’s theorem we obtain
‖B(f)‖L2 ≤ C log
(
1
|I|
)
‖f‖L2 .(4.15)
By the Lp boundedness of the Hardy-Littlewood maximal function, (4.13) and
(4.15) we get
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‖τ∗(f)‖L2 ≤ C log
(
1
|I|
)
‖f‖L2(4.16)
with C independent of b˜. By applying Lemma 13 (with q = 2) along with the
fact ‖τk‖ ≤ C log
(
1
|I|
)
we get
∥∥∥∥∥(
∑
k∈Z
(|τk ∗ gk|2)
1
2
∥∥∥∥∥
p0
≤ Cp0 log
(
1
|I|
)∥∥∥∥∥(
∑
k∈Z
|gk|2)
1
2
∥∥∥∥∥
p0
(4.17)
if 14 =
∣∣∣ 1p0 − 12
∣∣∣. Now, by (4.11), (4.17) and Lemma 12 we obtain
‖B(f)‖Lp ≤ Cp log
(
1
|I|
)
‖f‖Lp(4.18)
for all p satisfying 43 < p < 4 which, when combined with the L
p boundedness
of the Hardy-Littlewood maximal function and (4.13)-(4.14), implies
‖τ∗(f)‖Lp ≤ C log
(
1
|I|
)
‖f‖Lp(4.19)
for all p satisfying 43 < p < 4. Applying (4.11), (4.19), Lemma 12 and Lemma
13 again gives that
‖B(f)‖Lp ≤ Cp log
(
1
|I|
)
‖f‖Lp(4.20)
for every p satisfying 87 < p < 8. By proceeding as above we ultimately get
that
‖B(f)‖Lp ≤ Cp log
(
1
|I|
)
‖f‖Lp(4.21)
for all p ∈ (1,∞) . Therefore, by (4.12), (4.14) and (4.21) we get that
∥∥∥Υ∗
b˜
(f)
∥∥∥
Lp
≤ Cp log
(
1
|I|
)
‖f‖Lp(4.22)
for p ∈ (1,∞) . Since the inequality
∥∥∥Υ∗
b˜
(f)
∥∥∥
L∞
≤ C log
(
1
|I|
)
‖f‖L∞
holds trivially, the proof of (4.6) is complete. To prove the inequality (4.7) we
argue more or less as in the proof of (4.6). We omit the details.
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By Proposition 14 and following the same ideas as those used in the proof
of Theorem 7.5 in [FP] we get the following:
Proposition 15. Let h ∈ ∆γ (R+) for some γ, 1 < γ ≤ 2 and let b˜ be
a q−blocklike function. Assume φ is in C2([0,∞)), convex, and increasing.
Then for any p satisfying
∣∣∣1p − 12 ∣∣∣ < 1γ′ , there exists a constant Cp which is
independent of b˜ such that∥∥∥∥∥(
∑
k∈Z
∣∣∣νk,b˜ ∗ gk∣∣∣2) 12
∥∥∥∥∥
p
≤ CpA
∥∥∥∥∥(
∑
k∈Z
|gk|2)
1
2
∥∥∥∥∥
p
(4.23)
for any f ∈ Lp (Rn+1) where νk,b˜ = λk,b˜ if |I| < e−2, νk,b˜ = σk,b˜ if |I| ≥ e−2,
A = log
(
1
|I|
)
if |I| < e−2 and A = 1 if |I| ≥ e−2.
Proofs of main results.
By assumption, Ω can be written as Ω =
∞∑
µ=1
cµbµ where cµ ∈ C, bµ is
a q-block supported on an interval Iµ on Sn−1 and M0,0q
({
cµ
})
< ∞. Since
∆γ (R+) ⊆ ∆2(R+) when γ ≥ 2, we may assume without any loss of generality
that 1 < γ ≤ 2 and p satisﬁes
∣∣∣1p − 12 ∣∣∣ < 1γ′ . For each µ = 1, 2, . . . , let b˜µ be
the blocklike function corresponding to bµ . From the mean-value zero property
of Ω we infer easily that
Ω =
∞∑
µ=1
cµ b˜µ.(4.24)
Therefore, we have
‖Tφ,hf‖p ≤
∞∑
µ=1
∣∣cµ∣∣ ‖Tµf‖p(4.25)
where
Tµf(x, xn+1) = p.v.
∫
Rn
f (x− u, xn+1 − φ(|u|)) b˜µ (u
′)
|u|n h (|u|) du.(4.26)
First, Theorem 3 now follows easily from (4.25), Propositions 10-11 and
Plancherel’s theorem.
Next, by Propositions 10-11, Proposition 15 and Lemma 12 we get
‖Tµf‖p =
∥∥∥∥∥
∑
k∈Z
λk,b˜µ
∗ f
∥∥∥∥∥
p
≤ Cp log( 1|Iµ|) ‖f‖p if |Iµ| < e
−2,(4.27)
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and
‖Tµf‖p =
∥∥∥∥∥
∑
k∈Z
σk,b˜µ
∗ f
∥∥∥∥∥
p
≤ Cp ‖f‖p if |Iµ| ≥ e−2,(4.28)
for every f ∈ Lp(Rn+1) and for p satisfying
∣∣∣1p − 12 ∣∣∣ < 1γ′ . Therefore, by (2.1),
(4.25) and (4.27)-(4.28) we get (1.8). On the other hand, by using (4.24) it is
easy to see that
Mφ,hf(x, xn+1) ≤ 4
∞∑
µ=1
|cµ|σ∗k,b˜µ (|f |) (x, xn+1)
≤ 4
∞∑
µ=1,|Iµ|≥e−2
|cµ| σ∗k,b˜µ (|f |) (x, xn+1)(4.29)
+ 8
∞∑
µ=1,|Iµ|<e−2
|cµ|λ∗k,b˜µ (|f |) (x, xn+1).
Hence, inequality (1.9) follows by using (4.6)-(4.7). This concludes the proof
of Theorem 4.
Finally, a proof of Theorem 5 can be obtained as follows. By (3.5)-(3.6) and
Proposition 14, and the techniques in [AqP] we get (1.12). We omit the details.
On the other hand, the inequality (1.11) follows by Plancherel’s theorem and
the decomposition used in the proof of Lemma 8 in [AqP]. Again we omit the
details.
§5. A result on oscillatory singular integrals
By Theorem 4 one can easily obtain the following Lp boundedness result of
the following oscillatory singular integral operator S
λ
deﬁned by
S
λ
f (x) = p.v.
∫
Rn
eiλφ(|x−y|)K (x− y) f(y)dy
where the phase φ is a function onR and λ ∈ R. In fact, we have the following:
Theorem 16. Let K (x) = Ω(x)|x|n h (|x|) where Ω satisfies (1.1), Ω ∈ B0,0q
(
Sn−1
)
and h ∈ ∆γ (R+) for some γ > 1, and q > 1. Assume φ is in C2([0,∞)),convex,
and increasing. Then the operator S
λ
is bounded from Lp (Rn) to itself for all
p satisfying
∣∣∣1p − 12 ∣∣∣ < min{12 , 1γ′} . The bound for the operator norm is inde-
pendent of λ.
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